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Abstract. A parton shower method for the photonic radiative correction is applied to single W -boson
production processes. The energy scale for the evolution of the parton shower is determined so that the
correct soft-photon emission is reproduced. Photon spectra radiated from the partons are compared with
those from the exact matrix elements, and show a good agreement. Possible errors due to an inappropri-
ate energy-scale selection or due to the ambiguity of the energy-scale determination are also discussed,
particularly for the measurements on triple gauge couplings.

1 Introduction

Single-W production processes present an opportunity to
study the anomalous triple gauge couplings (TGC) [1] in
the experiments at LEP2 and at future e+e− linear col-
liders. For their precise predictions of cross sections the
inclusion of an initial state radiative correction (ISR) is
inevitable in the event-generator. As a tool for the ISR
the structure function (SF) [2] and the parton shower
[3] methods have been widely used for e+e− annihilation
processes. For the case of the single-W production pro-
cesses, however, the main contribution comes from non-
annihilation type diagrams. The universal factorization
method used for the annihilation processes is obviously
inappropriate. The main problem lies in choosing the en-
ergy scale of the factorization. A previous study of the
two photon process [4] has shown that the SF and QED
parton shower (QEDPS) methods are able to reproduce
precisely the exact O(α) results even for non-annihilation
processes, as long as the appropriate energy scale is used.

In this report, a general method to find the energy
scale for SF and QEDPS is proposed. Then numerical re-
sults of testing SF and QEDPS for e−e+ → e−ν̄eud̄ and
e−e+ → e−ν̄eµ+νµ are presented. Systematic errors are
also discussed.

2 Calculation method

2.1 Energy scale determination

The factorization theorem for QED radiative corrections
in the leading-logarithmic approximation is valid indepen-
dent of the structure of the matrix element of the kernel

process. Hence SF and QEDPS must be applicable to any
e+e− scattering processes. However, the choice of the en-
ergy scale in SF and QEDPS is not a trivial matter [11].
For the simple processes considered so far, like e+e− an-
nihilation and the two-photon process with only multi-
peripheral diagrams, the evolution energy scale could be
found by exact perturbative calculations. However, this
is not always the case when more complicated processes
are concerned. Hence a way to find a suitable energy scale
without knowing exact loop calculations should be estab-
lished somehow.

First, let us look at the general consequences of the soft
photon approximation. The cross section with radiations
in the soft-photon limit is given by the Born cross section
multiplied by the following factor up to the double-log
term [6]:
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where mj (pj) are the mass (momentum) of the jth
charged particle, kc is the maximum energy of the soft
photon (the value to separate soft and hard photons), E
the beam energy and ej the electric charge in units of the
e+ charge. The factor ηj is −1 for the initial particles and
+1 for the final particles. The indices (i, j) run over all
the charged particles in the initial and final states.
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For the two-photon process, e−(p−)e+(p+) → e−(q−)
e+(q+)µ−(k−)µ+(k+), it is shown in [4] that the soft-
photon factor in (1) with a (p− · q−)-term reproduces the
O(α) corrections [7] up to the double-log term in the soft-
photon limit. This implies that one is able to read off
the possible evolution energy scale in SF from (1) without
doing explicit loop calculations1. The point is the observa-
tion that the energy scale s = (p− +p+)2 does not appear
in the soft-photon corrections even if they are included in
the general formula (1). In the case of the two-photon pro-
cess we have ignored those terms in SF which come from
the photon bridging between different charged lines, be-
cause the contributions from the box diagrams with pho-
ton exchange between e+ and e− is known to be small [9].
Fortunately, the infrared part of the loop corrections is al-
ready included in (1) and there is no need to know the full
form of the loop diagram. Let us look at two terms with,
for example, (p− ·p+)- and (q− ·p+)-terms. The momentum
of e− is almost the same before and after the scattering
(p− ≈ q−). Only the difference appears in ηjηk = +1 for
a (p−p+)-term and ηjηk = −1 for a (q−p+)-term. Then
these terms compensate each other after summing them
up for the forward scattering, which is the dominant kine-
matical region of this process. This is the mechanism mak-
ing that the energy scale s = (p− + p+)2 does not appear
in the soft-photon correction despite that it exists in (1).

When some experimental cuts are imposed, for exam-
ple when the final e− is tagged in a large angle, this can-
cellation is not perfect but partial, and the energy scale
s must appear in the soft-photon correction. In this case,
the annihilation type diagrams will also give a contribu-
tion. Then it may happen that the usual SF and QEDPS
for the annihilation processes can be justified to be to be
used for the ISR with the energy scale s. To find the most
dominant energy scale under the given experimental cuts
an easy way is to integrate numerically the soft-photon
cross section given by (1) over the allowed kinematical re-
gion. Thus, in order to determine the energy scale it is
sufficient to know the infrared behavior of the radiative
process using the soft-photon factor.

Let us determine the energy scale of the QED radiative
corrections to the single-W production process,

e−(p−) + e+(p+)
→ e−(q−) + ν̄e(qν) + u(ku) + d̄(kd). (3)

The soft-photon correction factor in (1) is numerically in-
tegrated with the Born matrix element of the process (3)
only with the t-channel diagrams without any cut on the
final fermions. In order to separate the contribution from
each term, we take terms up to O(α) in the Taylor expan-
sion of the exponential function in (1). Parameters used
in the calculation will be explained in Sect. 4. The results
are shown in Table 1. One can see that the main contri-
bution comes from an electron charged line (p−q−-term)
and a positron charged line (p+kukd-terms = p+ku-term
+p+kd-term +kukd-term), while all other contributions

1 A similar idea is independently proposed by Montagna et
al. in [8]

Table 1. Soft-photon correction factor from sets of charged
particle combinations for the process of e+e− → e−ν̄eud̄ at the
CM energy of 200GeV. The factor from all terms is normalized
to unity. kc = 1GeV is used. We have p+kukd = p+ku-term
+p+kd-term +kukd-term

All terms p−q− p+kukd All other combinations

1 0.38 0.61 1.9 × 10−3

are negligibly small. Like for the two-photon processes the
energy scale s does not appear in the soft-photon correc-
tion.

The above results clearly indicate that one should ap-
ply SF or QEDPS to the electron and positron charged
lines individually with the energy scale of their momen-
tum-transfer squared.

2.2 Structure function method

The analytic solution of the DGLAP evolution function
[10] in the leading-logarithmic order is known as the struc-
ture function [2]. With SF the QED corrected cross section
is given by

σtotal(s) =
∫

dxI−
∫

dxF−
∫

dxI+

∫
dxu

∫
dxd

×De−(xI−,−t−)De−(xF−,−t−)De+(xI+,−t+)
×Du(xu, sud)Dd(xd, sud)σ0(ŝ), (4)

where σ0 is the Born cross section and the D’s are the SF.
The energy scales t− = (p− −q−)2, t+ = (p+ − (ku +kd))2
and sud = (ku +kd)2 are chosen following the result of the
former section. After (before) the photon radiation the
initial (final) momenta p± (q±) become p̂± (q̂±); we have

p̂− = xI−p−, q̂− =
1
xF−

q−, ... (5)

respectively. Then the CM energy squared, s, is scaled as
ŝ = xI−xI+s.

2.3 Parton shower method

Instead of the analytic formula of SF, a Monte Calro
method based on the parton shower algorithm in QED can
be used to solve the DGLAP equation in the LL approxi-
mation. Its detailed algorithm for the QEDPS is found in
[12] for e+e− annihilation processes, in [13] for the Bhabha
process, and in [4] for the two-photon process. The same
energy scale as the SF method is used in QEDPS also.

A significant difference between SF and QEDPS is that
the QEDPS can treat the transverse momentum of the
emitted photons correctly by imposing the exact kinemat-
ics at the e→ eγ splitting. It does not affect the total cross
sections so much when the final e− has no cut. However,
the finite recoiling of the final e± can result in some effects
on the tagged cross sections.
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W Fig. 1. Feynman diagrams of the process
e−e+ → e−ν̄eud̄. The first ten diagrams
show the s-channel diagrams and the last
ten the t-channel ones

In return for the exact kinematics at the e→ eγ split-
ting, the e± no more are on shell after the emission of a
photon. On the other hand, the matrix element of the hard
scattering process must be calculated with on-shell exter-
nal particles. A trick to map the off-shell four-momenta
of the initial e± to those on shell is needed. The following
method is used in the calculations.

1. ŝ = (p̂− + p̂+)2 is calculated, where p̂± are the four-
momenta of the initial e± after the photo-emission by
QEDPS. ŝ is positive even for the off-shell e±.

2. New four-momenta of the initial e± in their rest-frame,
p̃±, are defined by p̃2± = m2

e (on shell) and ŝ = (p̃− +
p̃+)2. All four-momenta of the final particles are gen-
erated in the rest-frame of p̃+ + p̃−.

3. All four-momenta are rotated and boosted to match
the three-momenta of p̃± with those of p̂±.

This method respects the direction of the final e±
rather than the CM energy of the collision. The total en-
ergy is not conserved in this case because of the virtuality
of the initial e±. The violation of the energy conservation
is of the order of 10−6 GeV or less, and the probability of
a violation of more than 1MeV is 10−4.

3 Numerical calculations

3.1 Cross sections with no cut

Total and differential cross sections of the semi-leptonic
process e−e+ → e−ν̄eud̄ and the leptonic process e−e+ →
e−ν̄eµ+νµ are calculated with the radiative correction by
SF or QEDPS. Feynman diagrams of the semi-leptonic
process are shown in Fig. 1. Fortran codes to calculate the
amplitudes are automatically produced by the GRACE
system [14]. All fermion masses are kept finite in the cal-
culations. Numerical integrations of the matrix element
squared in the four-body phase space are done using
BASES [15]. For a test with no experimental cuts, only the
t-channel diagrams (non-annihilation diagrams) are taken
into account. Standard model parameters used in the cal-
culations are summarized in Table 2. The on-shell relation
that strictly holds at tree level is employed to determine
the weak couplings. Some of the electroweak corrections
could be taken into account through the Gµ-scheme and
the running coupling constant. In this report, however, we
do not include those effects, because here we are interested
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Table 2. Standard model parameters

MW 80.35GeV ΓW 1.96708GeV
MZ 91.1867GeV ΓZ 2.49471GeV

α 1/137.0359895 sin2 θw 1 − M2
W

M2
Z

me 0.511 × 10−3 GeV mµ 105.658389 × 10−3 GeV
mu 5.0 × 10−3 GeV md 10.0 × 10−3 GeV

in looking at the pure QED radiative corrections to the
Born cross section.

It has been pointed out that a tiny violation of the
gauge invariance caused by the inclusion of a finite W -
boson width results in a wrong cross section for single-W
production [16,17]. To cure this problem the fermion-loop
scheme [17–19] has been proposed. It is reported in [18],
however, that no significant difference is seen between the
fermion-loop scheme and the fixed width scheme. Thus, in
this report the fixed width scheme, together with an ap-
propriately modified current described in [16] is employed.

For the total energy of the emitted photons, both
methods, SF and QEDPS, must give the same spectrum
once the same energy scale is used. This is confirmed for
the semi-leptonic process as shown in Fig. 2 at the CM
energy of 200GeV. We choose the same energy-evolution
scale as SF described by (4). Total cross sections as a func-
tion of the CM energies at LEP2 with no cuts are shown
in Fig. 3. The effects of the QED radiative corrections on
the total cross sections are found to be 7 to 8% in the
LEP2 energy region. If one used an inappropriate energy
scale, say s, in SF, the ISR effect is overestimated by about
4% as seen in Fig. 3. The result of SF is consistent with
the QEDPS to around 0.2% if the proper energy scale is
employed.

There is some ambiguity in the choice of the energy-
evolution scale in the leading-log order. For example, the
transverse-momentum squared or the invariant-mass
squared of ud̄ (or the µν̄µ) systems could be a candidate
for the energy scale. It is found that even if these energy
scales are chosen in QEDPS instead of (p+ − (ku + kd))2,
the total cross sections change by only 0.6%, which must
be allocated in the theoretical uncertainty.

The energy and angular distributions of the hard pho-
ton from QEDPS are compared with those obtained from
the exact matrix elements. The cross sections of the ra-
diative process e−e+ → e−ν̄eud̄γ are calculated based on
the exact amplitudes generated by GRACE and integrated
numerically in five-body phase space using BASES. Again
only the t-channel diagrams (non-annihilation diagrams)
are taken into account. To compare the distributions the
soft-photon corrections for the radiative process must be
included. For this purpose QEDPS is implemented into the
e−ν̄eud̄γ calculations carefully avoiding a double-counting
of the radiation effect. The definition of the hard photon
is

1. Eγ > 1GeV;
2. the opening angle between the photon and the nearest

final-state charged particles is greater than 5◦. The dis-

Fig. 2. Differential cross section and the total energy of emit-
ted photon(s) obtained from the QEDPS (histogram) and from
the SF (circle)

Fig. 3. Total cross sections and those normalized by the
QEDPS results for eνeūd and eνeµνν processes without experi-
mental cuts. The SF(t) denotes the SF with proper energy scale
and the SF(s) with the inappropriate energy scale (s). Only t-
channel diagrams (non-annihilation diagrams) are taken into
account

tributions of the hard photons are in good agreement,
as seen in Fig. 4. The total cross section of the hard-
photon emission agrees at the 2% level. We also cal-
culated the radiative cross section without soft-photon
correction. If the soft-photon correction is not included
in the radiative process, we find a 30% overestimation
of the radiative cross section with the above experi-
mental cuts.

3.2 Cross sections with experimental cut

It is also investigated how large the effects of the QED ra-
diative corrections are for the single-W production when
realistic experimental conditions are imposed. The exper-
imental cuts applied here are θe− < 5◦, Mqq̄ > 45GeV,
Eµ > 20GeV. For this study all the diagrams, not only the
t-channel diagrams, but also the s-channel, are taken into
account in the calculations. The dominance of the signal
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Fig. 4. Differential cross sections of the hard photon; energy,
transverse energy with respect to the beam axis, cosine of the
polar angle, and opening angle between photon and nearest
charged fermion. A histogram shows the QEDPS result and
stars results from the matrix element with soft-photon correc-
tion. Only t-channel diagrams (non-annihilation diagrams) are
taken into account

Fig. 5. Total cross sections and those normalized by the
QEDPS results for eνeūd and eνeµνν processes with exper-
imental cuts. The SF(t) denotes the SF with proper energy
scale and the SF(s) with the inappropriate energy scale (s).
All diagrams are taken into account

from t-channel diagrams is 97% (90%) for the hadronic
(leptonic) decay of the W -boson, respectively. Total cross
sections as a function of the CM energies at LEP2 with
these cuts are shown in Fig. 5. The QED radiative correc-
tions on the total cross sections are found to be 7 to 8%
in this LEP2 energy range. If one uses the inappropriate
energy scale s in SF, the ISR effect is overestimated by
around 5%, which is larger than those of the no-cut case.
SF with the proper energy scale shows a deviation from

Fig. 6. Total cross sections of eνeūd and eνeµνν processes with
experimental cuts as a function of the anomalous TGC. Dashed
(dotted) lines show ±5% (±0.6%) cross section variation from
its standard model value. The cross sections are obtained at
the CM energy of 200GeV with all diagrams

QEDPS around 0.5% for the e−ν̄eud̄ process and 1.0%
for e−ν̄eµ+νµ. The agreement between QEDPS and SF
becomes worse than the no-cut case, because the finite
transverse momentum of the emitted photons by QEDPS
changes the acceptance of the above electron-veto require-
ment. Hence for realistic experimental conditions the finite
transverse momentum of the emitted photons should not
be ignored.

Finally, a possible effect of the systematic error of the
ISR effect on the anomalous TGC measurements is inves-
tigated. If the inappropriate energy scale is used in the
ISR tools such as the CM energy squared, the total cross
sections with the experimental cuts includes a systematic
error of 5%. Even if one used one of the proper energy
scales, there is 0.6% uncertainty on the cross sections due
to the ambiguity of the energy scale selection. This uncer-
tainty of the total cross sections limits the experimental
sensitivity of the anomalous TGC measurements. The to-
tal cross sections of the eνeud and eνeµνν processes with
experimental cuts as a function of the anomalous TGC are
summarized in Fig. 6. The cross sections are obtained at
the CM energy of 200GeV in all diagrams. A bound shown
in dashed lines shows a ±5% cross section variation from
its standard model value. If one used the inappropriate
energy scale, it affects ±0.05 of the ∆κ measurement and
±0.4 of the λ measurement. The ambiguity of the energy-
scale selection gives a systematic error of less than 0.01 on
∆κ and 0.1 on λ.

4 Conclusions

The method to apply the QED radiative correction to
the non-annihilation process was established. The conven-
tional method, SF with the energy scale s, gave about
4% overestimation in the LEP2 energies. The uncertainty
due to the energy-scale determination was estimated to
be about 0.6%. This uncertainty may affect the anoma-
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lous TGC measurements by less than 0.01 on ∆κ and 0.1
on λ. If one wants to look at the hard-photon spectrum,
the soft-photon corrections to these radiative processes are
needed.

In this report we have treated the two processes e−e+
→ e−ν̄eud̄ and e−e+ → e−ν̄eµ+νµ. The CP -conjugate
processes e−e+ → e+νeūd and e−e+ → e+νeµ−ν̄µ give the
same results, and the other channels, e−e+ → eνecs and
e−e+ → eνeτντ , will show slightly different results due
to their masses. On the other hand the self-CP -conjugate
process e−e+ → e−ν̄ee+νe has an additional complexity,
because the two energy scales t− = (pe− − qe−)2 and t̃− =
(pe− − qe− − qν̄e)

2 can occur simultaneously.
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J.H. Kühn (Springer-Verlag, Heidelberg 1989), p. 3

12. T. Munehisa, J. Fujimoto, Y. Kurihara, Y. Shimizu, Prog.
Theor. Phys. 95, 375 (1996)

13. J. Fujimoto, Y. Shimizu, T. Munehisa, Prog. Theor. Phys.
91, 333 (1994); K. Tobimatsu, in preparation

14. T. Ishikawa, T. Kaneko, K. Kato, S. Kawabata, Y.
Shimizu, H. Tanaka, KEK Report 92-19, 1993, The
GRACE manual Ver. 1.0; see also H. Tanaka, Comput.
Phys. Commun. 58, 153 (1990); H. Tanaka, T. Kaneko, Y.
Shimizu, Comput. Phys. Commun. 64, 149 (1991)

15. S. Kawabata, Comp. Phys. Commun. 41, 127 (1986); ibid.,
88, 309 (1995)

16. Y. Kurihara, D. Perret-Gallix, Y. Shimizu, Phys. Lett. B
349, 367 (1995)

17. E.N. Argyres et al., Phys. Lett. B 358, 339 (1995); W.
Beenakker et al., Nucl. phys. B 500, 255 (1997)

18. E. Accomando, A. Ballesterero, E. Maina, Phys. Lett. 479,
162 (2000)

19. G. Passarino, hep-ph/9911482 and hep-ph/0001212


